For the Cauchy problem for the nonlinear wave equation with nonlinear damping and source terms, we define stable and unstable sets for the initial data. We prove that if during the evolution the solution enters into the stable set, the solution is global and we are able to estimate the decay rate of the energy. If during the evolution the solution enters into the unstable set, the solution blows up in finite time. ᮊ
INTRODUCTION
We consider the Cauchy problem for the nonlinear wave equation with nonlinear damping and source terms of the type Here p ) 1, m ) 1. Ž . The case of linear damping m s 1 and nonlinear sources has been w x studied by Levine, who used ''concavity arguments'' 4, 5 . However, the interaction between the nonlinear damping and source terms creates difficulties which were overcome only recently, for a bounded domain with w x Dirichlet boundary conditions, by Georgiev and Todorova 2 . The abstract w x version was studied by Levine and Serrin 8 and by Levine, Pucci, and w x Serrin 7 . Thereafter, in a series of papers the same technique was used in Ž w x. studying the behavior of solutions of related equations see Ono 12 .
Ž w x w x w x. Then, several authors see Ikehata 3 , Ohta 11 , Vitillaro 17 applied the w x Ž . Ž . Payne and Sattinger potential well arguments 14 to 1.1 ᎐ 1.2 for the Ž . bounded domain case and q x s 0.
The interaction between the nonlinear damping and source terms for Ž . Ž . the Cauchy problem 1.1 ᎐ 1.2 is much more complicated. Recently, it was w x Ž . w x Ž . studied in 6, 15, 16 when q x s 0 and in 15, 16 when q x is a decaying function. According to their results, the case m s p is critical: namely, for Ž . p F m a weak strong distribution solution exists globally in time for any compactly supported initial data, while for m -p blow-up of solutions occurs in finite time for negative initial energies.
Ž .
n Let q x be a locally bounded measurable function on R . As far as Ž w x. local existence is concerned, we have see 15
Then, for any compactly supported data,
Ž . Ž . the Cauchy problem 1.1 ᎐ 1.2 has a unique solution such that
Ž . We denote the life span of the solution u t, x of the Cauchy problem Ž . Ž . 
Ž . Suppose, in addition, that q x decays slowly enough, i.e., it satisfies the condition
where s ) 0 and
Ž . 
Ž .
In this paper we consider the case of positive initial energies E 0 , when 1 -m -p.
Ž . For the case of linear damping m s 1 the global nonexistence for the abstract evolution equations with positive initial energy was treated by w x Pucci and Serrin 13 .
Following the ideas of the ''potential well'' theory introduced by Payne w x n and Sattinger 14 , we observe that in R the so-called depth d of the Ž w x. potential well becomes zero see Nakao and Ono 9 . One of the possible ways of overcoming this difficulty is as follows.
We define the functional
In this case the ''potential depth'' given by
Ž . becomes positive. Then for the Cauchy problem 1.1 ᎐ 1.2 with q x s 1, we are able to define stable and unstable sets.
Denote
and Ž .
pq1
If during its evolution the solution enters the unstable set W e , it blows w x up. The proof of this result is essentially based on the results in 16 . In w x fact, concavity arguments like those in 4, 5 no longer apply when m ) 1, so it is necessary to use another approach, namely the blow-up Theorem 3 w x in 16 for all negative initial energies.
Thus we can state the following blow-up theorem for the Cauchy Ž . Ž . Ž . problem 1.1 ᎐ 1.2 with q x s 1. 
Ž .
We also prove that if during its evolution the solution enters the stable set W i , then the following global existence theorem with calculation of the energy decay rate holds.
Cauchy problem 1.1 ᎐ 1.2 has the following energy decay property:
Ž . Ž .
BLOW-UP RESULT
The following lemmas are crucial for the proof of Theorem 4.
The above estimate leads to
.
In the above estimate C is the Sobolev constant:
From the energy identity E t s E t y H u s, . ds for t ) t ,
Ž . Assume that 2 holds. From 2.1 we see that
Ž . Ž . Ž .
Ž .
which completes the proof of the lemma. Ž Ž .
Proof of the Blow-up Theorem
Once the constant is fixed, we choose the constant to be so small that C s 1 y r p q 1 y ) 0.
1
Ž . Finally, using the inequality 2.8 and Lemmas 2.2 and 2.3 we geẗ mq 1 pq1
Ž . w x for t G t and C ) 0. Integrating two times the inequality 2.9 over t , t 0 1 0 and taking into account the boundedness of the integral
Ž . 5 Ž .5 F t , i.e., the norm u t, .
has at least linear growth for t G t . G u t, . from Lemma 2.2, we have
where the last estimate follows from the linear growth of the norm 5 Ž . 
where we use the Holder inequality with respect to t, the boundedness of t 5 Ž .5
ds, and the identity 1rr q 1r m q 1 s 1r2. The proof is similar to that of Lemma 2.2, so we omit it.
LEMMA 3.2. Under the assumptions of Lemma 3.1, the inequality p y 1 2 2
, where u t, x is a local solution of the Cauchy 
Ž . where in the last step we use the energy identity and 1rr q 1r m q 1 s 1r2. Now, from the above estimate and the Mean Value Theorem, we w x w x choose t g t, t q 1r4 and t g t q 3r4, t q 1 such that 
In the above inequality C and C are positive 1 2 constants. So, we have 
